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The paper focuses on wrinkling of lined pipes (sometimes referred to as clad pipes) under bending load-
ing, where a corrosion-resistant thin-walled liner is ﬁtted inside a carbon–steel outer pipe. The problem
is solved numerically, using nonlinear ﬁnite elements to simulate liner pipe deformation and its interac-
tion with the outer pipe. Stresses and strains are monitored throughout the deformation stage, detecting
possible detachment of the liner from the outer pipe and the formation of wrinkles. The wrinkling behav-
ior of elastic and elastic–plastic (steel) lined pipes under bending is examined. The results indicate that
the lateral conﬁnement of the liner pipe due to the deformable outer pipe and its interaction with the
outer pipe has a decisive inﬂuence on the wrinkling behavior of the lined pipe. It is also shown that
the behavior is characterized by a ﬁrst bifurcation in a uniform wrinkling pattern, followed by a second-
ary bifurcation. The values of corresponding buckling curvature are determined and comparison with
available experimental results is conducted in terms of wrinkle height development and the correspond-
ing buckling wavelength. The results of the present research can be used for safer design of lined pipes in
pipeline applications.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
Safeguarding the structural integrity of oil and gas steel pipe-
lines requires erosion damage protection from oil or gas pollutants,
which include hydrogen sulﬁde, chlorides, and water. One solution,
which makes the best use of corrosion-resistant alloys and low-al-
loy steels, is the use of a ‘‘lined pipe’’, also referred to as ‘‘clad pipe’’.
This is a double-wall pipe, consisting of a load-bearing high-
strength, low-alloy carbon steel outer pipe, lined with a thin-
walled sleeve made from a corrosion-resistant material. In partic-
ular, the so-called ‘‘mechanically clad or lined pipe’’ is a promising
application of this concept. It is produced by inserting the liner
pipe into the external carbon steel pipe, through an appropriate
manufacturing process, so that the bond between the two pipes
is purely mechanical, in the sense that the outer pipe material
and the liner pipe material remain two distinct materials.
Herein, the structural behavior of mechanically lined pipes un-
der bending loading is investigated, motivated by their use in off-
shore pipeline applications. Previous research works have
demonstrated that the installation of offshore pipelines in deep-
water constitutes a crucial stage in underwater pipeline design
procedure. At that stage, the pipeline is subjected to signiﬁcant
bending deformation in the presence of external pressure so that,
signiﬁcant stresses develop in the pipeline wall, associated with
excessive cross-sectional ovalization and possible local buckling,ll rights reserved.
: +30 24210 74012.
).which may result in pipeline collapse. Over the last two decades,
a substantial amount of research has been dedicated to the bend-
ing response of pipes (Corona and Kyriakides, 1988; Karamanos
and Tassoulas, 1991; Murphy and Langner, 1985), and design tools
for the safe design of deepwater pipelines have been developed
and incorporated in relevant design speciﬁcations (API PR 1111,
1999; Det Norske Veritas, 2010). For a detailed presentation of off-
shore pipeline mechanics the reader is referred to the recent book
by Kyriakides and Corona (2007).
The above research works and design speciﬁcations refer to sin-
gle-wall pipes exclusively. In the case of installing underwater
lined pipes, the existing design tools could be used to ensure the
structural stability of the load-bearing thick-walled outer pipe.
However, under the action of bending, the thin-walled liner pipe
exhibits signiﬁcant deformation, which may cause wrinkling of
its wall, while the outer pipe remains stable. A wrinkle on the liner
wall may not be acceptable, because it does not allow proper pipe-
line pigging, it is obstacle to hydrocarbon ﬂow and is associated
with stress raisers at the buckled area, which would lead to fatigue
cracking of the liner wall under repeated loading during opera-
tional conditions.
The present paper investigates the mechanical behavior of lined
pipes subjected to bending deformation, focusing on the structural
stability (wrinkling) of the thin-walled liner. Previous experimen-
tal work on this subject has been reported by Focke (2007),
motivated by the use of lined pipes in offshore applications, in-
stalled with the pipe reeling method. In those pipes, the liner
was ﬁtted inside the carbon steel outer pipe (Fig. 1) through a
Fig. 1. Lined pipe, (a) photo after experimental testing (Focke, 2007) and (b) wrinkled liner pipe (Hilberink, 2011).
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bonded double-wall pipe, where the outer pipe ‘‘compresses’’ the
liner pipe, introducing a signiﬁcant hoop compressive stress in
the liner, which is often called ‘‘residual stress’’ or ‘‘prestressing’’
and the two pipes are mechanically bonded together. The manu-
facturing process of those lined pipes, referred to as tight-ﬁt pipes
(TFP), is described in detail by Focke (2007).
The experiments described by Focke (2007) concerned X65
pipes with nominal diameter equal to 12 in., lined with 3-mm-
thick 316L stainless steel pipes. The experimental results aimed
at determining the initiation and the size of liner pipe wrinkling,
as well as the degree of ovalization occurring during the spool-
ing-on phase of the pipe reeling process. Numerical results on
the structural response of lined pipes made of elastic material have
been presented by Vasilikis and Karamanos (2010) focusing on the
buckling modes of ﬁrst and second bifurcation. Numerical investi-
gations on liner wrinkling behavior of ‘‘snug-ﬁt’’ lined pipes (i.e.
stress-free liner, initially in contact with the outer pipe) under ax-
ial compression have also been reported by Hilberink et al. (2010).
In a subsequent publication, Hilberink et al. (2011) extended their
work on the inﬂuence of friction and mechanical bonding (pre-
stressing) on the behavior of the lined pipe during bending, and
compared their numerical results with additional experimental
data from four-point bending tests (Hilberink, 2011). Numerical re-
sults for steel lined pipes have also been reported by Vasilikis and
Karamanos (2011). Tkaczyk et al. (2011) presented a combined
experimental and numerical research program on 600 and 1200
mechanically lined pipes, candidates for reeling application.
Emphasis was given on liner wrinkling development under cyclic
loading, to account for installation and in-service conditions. Spe-
cial tests on wrinkling formation were also conducted and simu-
lated with ﬁnite elements.
The research reported in the present paper is numerical, based
on advanced ﬁnite element simulation tools, and is aimed at
understanding the mechanical response of the thin-walled liner
pipe subjected to bending, as well as determining the deformation
of the lined pipe at which the liner wrinkles, through a rigorous
simulation of the wrinkling process. Section 2 of the paper outlines
the numerical ﬁnite element simulation procedure. Lined elastic
pipes are examined in Section 3 where the elastic liner is stress-
free and initially in contact with the elastic outer pipe. Finally, in
Section 4, the mechanical behavior of lined steel pipes (carbon
steel pipes, lined with stainless steel pipes) are investigated, taking
into account the effects of prestressing. Furthermore, a comparison
with available experimental results is conducted.2. Finite element simulation
The response of lined pipes under uniform bending is examined
numerically using nonlinear ﬁnite element tools. General-purposeﬁnite element program ABAQUS (Hibbit et al., 2007) is employed to
simulate the mechanical response of lined pipes. The analysis con-
siders nonlinear geometry through a large-strain description of the
outer and the liner pipe, whereas the material of liner pipe and
outer pipe is considered both elastic and elastic–plastic (steel
material). In the latter case, the steel materials of the outer and
the liner pipe are described through J2 (von Mises) ﬂow plasticity
models with isotropic hardening, calibrated through stress–strain
curves from uniaxial tension coupon tests.
The ﬁnite element models are three-dimensional, considering a
segment of the lined pipe under appropriate boundary conditions.
Particularly, in the z = 0 plane (see Fig. 2) z-symmetry is assumed,
i.e. only in-plane motion of the corresponding nodes on the x–y
plane is allowed. In the z = L plane (where L is the length of the
strip in z-direction), uniform bending is applied considering a ref-
erence point coupled with the nodes of that plane, so that motion
of the corresponding nodes is allowed on the rotated plane. Based
on experimental observations, symmetry of deformation with re-
spect to the plane of bending is assumed so that half of the pipe
cross-section is analyzed, applying appropriate symmetry condi-
tions on the h = 0 plane.
Four-node reduced-integration shell elements (S4R) are em-
ployed for the modeling of the thin-walled liner pipe, whereas
20-node brick elements (C3D20R) are used to simulate the thick-
walled outer pipe. A typical ﬁnite element mesh for the outer
and liner pipe used in the present analyses is shown in Fig. 2. A
contact algorithm is considered to simulate the interface between
the liner and the outer pipe. Following a short parametric study, it
has been concluded that consideration of a ﬁner ﬁnite element
mesh have a negligible effect on the numerical results. Further-
more, a total of 100 shell elements around the half circumference
of the cylinder have been found to be adequate to achieve good
accuracy of the numerical results.
For conducting an ovalization analysis of the lined pipe, a pipe
segment with a small value of L is assumed with no variation of
loading and deformation in the longitudinal direction of the pipe,
as shown in Fig. 2. This is practically a two-dimensional ﬁnite ele-
ment model, with periodic boundary conditions at z ¼ 0 and z ¼ L.
In this model, pipe wall wrinkling phenomena are excluded. To
model wrinkling of the liner pipe, this quasi-two-dimensional
analysis is not adequate; beyond buckling, cross-sectional defor-
mation is no longer constant along the pipe (due to the develop-
ment of wavy wrinkles), and therefore, a three-dimensional
analysis is necessary. In a wavy-type post-buckling conﬁguration
(formation of wrinkles) of an inﬁnitely long pipe, shown schemat-
ically in Fig. 3, cross-sections a–a and b–b do not exhibit warping
deformation for symmetry reasons. Therefore, for the purposes of
the three-dimensional analysis, it is sufﬁcient to analyze only a
pipe segment of half-wavelength with appropriate ‘‘periodic’’
boundary conditions at the end-sections a–a and b–b.
reference 
node
θ
0z =
z L=
= +
outer 
pipe
liner 
pipe
Fig. 2. Lined pipe model; outer pipe is modeled with solid elements and liner pipe is modeled with shell elements.
Fig. 3. Schematic representation of uniformly wrinkled pipe and the corresponding
half-wavelength between cross-sections a–a and b–b.
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Fig. 4. Normalized ovalization of lined elastic pipe for different thicknesses of the
outer pipe.
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sequence of analyses should be conducted for several assumed
wavelength values. The actual wavelength is the one that corre-
sponds to the ‘‘earliest’’ bifurcation point on the primary path.
Houliara and Karamanos (2006, 2010) used a similar methodology
to analyze single-wall pipes under bending. Regarding the number
of elements in the longitudinal direction, 20 elements per half-
wavelength are employed in the liner pipe.3. Bending of lined elastic pipes
In the present section, the response of lined elastic pipes under
bending loading is examined. The two pipes (liner and outer pipe)
are initially in contact and stress-free. Using the numerical tools
described in the previous section, an ovalization analysis is con-
ducted ﬁrst, followed by an investigation of liner pipe wrinkling.
A simpliﬁed bifurcation solution is also developed, which provides
fairly good predictions for the buckling curvature and the corre-
sponding wavelength. Lined pipes with nominal diameter equal
to 12.75 in. are considered, following the dimensions of pipes
tested by Focke (2007). The outside diameter of the liner pipe Dl
is 296.4 mm, the mean diameter dl and the thickness tl of the liner
pipe are equal to 293.4 mm and 3 mm respectively, corresponding
to a diameter-to-thickness ratio for the liner pipe ðdl=tlÞ equal to
97.8, whereas the thickness of the outer pipe ranges between 4
and 60 mm. For normalization purposes, the dimensionless thick-
ness parameter s is introduced ðs ¼ to=tlÞ, where to is the thickness
of the outer pipe. The elastic materials of two pipes have Young’s
moduli equal to El = 193 GPa for the liner pipe and Eo = 210 GPafor the outer pipe, and Poisson’s ratio m is equal to 0.3 for both
pipes.
In this section, the values of curvature k are normalized using
the expression kN ¼ tlr2
l
ﬃﬃﬃﬃﬃﬃﬃﬃ
1m2
p , and will be referred to as ‘‘normalized
elastic curvature’’, so that je ¼ k=kN , where rl is the mean radius
of the liner pipe. Ovalization is expressed through the dimensional
parameter f ¼ ðdh;l  dv ;lÞ=2dl, where dh;l is the current (deformed)
mean diameter in the horizontal direction of the liner, dv ;l is the
current mean diameter in the vertical direction, and dl is the initial
mean diameter of the liner. Finally, the values of stress are normal-
ized by the stress-like parameter re ¼ Eltl
rl
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3ð1m2Þ
p .3.1. Ovalization solution
The ovalization response of lined pipes made of elastic material,
is examined ﬁrst, considering a small length of the pipe (3% of the
diameter), so that buckling phenomena associated with pipe wall
wrinkling are excluded. The normalized ovalization–curvature dia-
gram (f versus je) for the liner pipe is shown in Fig. 4 for different
thicknesses of the outer pipe.
The relative distance between liner and outer pipe is expressed
as the difference between the corresponding radial displacements
of the liner ul and the outer pipe uo, at the h ¼ 0 plane, referred to
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D. Vasilikis, S.A. Karamanos / International Journal of Solids and Structures 49 (2012) 3432–3446 3435as ‘‘detachment’’. In Fig. 5, the value of detachment is plotted in a
normalized form ðD ¼ ðul  uoÞ=tlÞ in terms of bending curvature
for different thicknesses of the outer pipe. The numerical results
indicate that the value of D is an increasing function of bending
curvature and that from the early stages of bending, the liner sep-
arates from the outer pipe. Nevertheless for lined pipes with values
of relative thickness s less than 1.67, no detachment occurs be-
tween the liner and outer pipe during bending.
The local hoop curvature due to bending at h ¼ 0 location, de-
noted as 1=rh0, is plotted for different values of s in Fig. 6, normal-
ized by the initial curvature of the circular pipe in the hoop
direction 1=rl. The decrease of local curvature at this location with
increasing bending curvature indicates liner ﬂattening at the com-
pression zone due to cross-sectional ovalization. At this location
ðh ¼ 0Þ, signiﬁcant axial compressive stress rx0 is developed as a
result of bending, as shown in Fig. 7 in non-dimensional form.
The numerical results indicate a quasi-linear increase of rx0 in
terms of bending curvature, for values of s larger than 4, due to
very small cross-sectional ovalization.3.2. Simpliﬁed analytical solution for liner bifurcation
A simpliﬁed formulation for predicting wrinkling of the liner
pipe is developed based on the so-called ‘‘local buckling hypothe-0.3
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Fig. 6. Normalized local hoop curvature at the critical location (h = 0) for different
values of thickness of the outer pipe.sis’’ (Axelrad, 1965) which assumes that a long cylindrical shell un-
der longitudinal bending will buckle at the critical location ðh ¼ 0Þ
when the stress rx0 and deformation 1=rh0 satisfy the following
equation:
rx0 ¼ Elﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3ð1 m2Þ
p tl
rh0
; ð1Þ
also written in terms of the stress-like parameter re as follows:
rx0
re
¼ rl
rh0
: ð2Þ
Eq. (1) is the classical Donnell’s equation for a uniformly com-
pressed elastic circular cylinder with radius rh0 in the meridional
direction. A numerical veriﬁcation of this hypothesis has been re-
ported by Houliara and Karamanos (2006).
Under bending loading, the liner pipe detaches from the outer
pipe at the vicinity of h ¼ 0, so that around this location it behaves
as a cylindrical panel under axial compression (see the sketch in
Fig. 8). Therefore, it would be reasonable to apply Eq. (1) based
on the results for the axial stress rx0, and the local curvature
1=rh0, both obtained from the ovalization analysis (Figs. 6 and 7).
The buckling curvature predicted from Eq. (1) is shown in Fig. 9
with the solid line, for different values of outer pipe thickness.
According to this simpliﬁed formulation, the corresponding
buckling wavelength can also be estimated, assuming axisymmet-
ric conditions (Axelrad, 1965) so that the value of the bucklingFig. 8. Schematic representation of the compression zone of the liner, similar to a
laterally supported ‘‘cylindrical shell panel’’.
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which stems from axi-symmetric buckling analysis of elastic cylin-
drical shells under uniform meridional compression (Timoshenko
and Gere, 1961):
Lhw ¼ p
4
12ð1 m2Þ
 1=4 ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
rh0tl
p
: ð3Þ
For convenience, the normalized half-wavelength lhw is introduced
using the following normalization:
lhw ¼ Lhw=
ﬃﬃﬃﬃﬃﬃﬃ
dltl
p
: ð4Þ
Combining Eqs. (3) and (4), and assuming a value of Poisson’s
ratio equal to 0.3, the value of lhw obtained from this simpliﬁed
solution methodology can be written lhw ¼ 1:22
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
rh0=rl
p
. The varia-
tion of lhw in terms of outer pipe thickness is presented in Fig. 10
with the solid line. The results in Fig. 10 indicate that the value
of lhw is a decreasing function of the value of s.
3.3. Uniform wrinkling and second bifurcation
In this section, wrinkling of lined elastic pipes under bending is
simulated in a rigorous manner. Bifurcation of liner pipe from a
uniform ovalization stage to a uniform (periodic) wrinkling pattern
is examined ﬁrst, using the ﬁnite element tools presented in Sec-
tion 2. Three values are considered for the thickness of the outer1.2
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Fig. 10. Variation of the normalized half-wavelength for different thicknesses of the
outer pipe.pipe, 10 mm, 14.3 mm and 20 mm, corresponding to values of
thickness parameter s = 3.33, 4.77 and 6.67 respectively. To simu-
late this bifurcation, a three-dimensional analysis is conducted,
considering a pipe segment equal to one half-wavelength
ðL ¼ LhwÞ. The value of Lhw is not known a priori and therefore, for
each value of s, a series of analyses is necessary to obtain the crit-
ical half-wavelength, as described in Section 2. The numerical re-
sults for pipes without initial imperfections (perfect pipes) are
summarized in Fig. 11; the value of critical half-wavelength for
s = 3.33, 4.77 and 6.67 is computed equal to 1.4, 1.35 and 1.33
respectively.
The results shown in Fig. 11 indicate that for a certain value of s,
the value of the critical curvature je;cr is not very sensitive to vari-
ations in the assumed value of lhw; the numerical results show that
variation of the lhw value between 1.2 and 1.5 results in a variation
of only 3% for the je;cr value. The values of critical curvature je;cr
obtained from three-dimensional numerical analysis for the three
values of outer pipe thickness are also shown in Fig. 11 with an ar-
row (;). Those results for the critical curvature and the correspond-
ing half-wavelength are depicted in Figs. 9 and 10, which indicate
that predictions from the simpliﬁed methodology, based on the re-
sults of ovalization analysis, are quite close to and consistent with
the ﬁnite element results.
Prior to bifurcation, the pipe exhibits uniform deformation
along its length in the form of cross-sectional ovalization. At buck-
ling, a wavy pattern shape suddenly occurs in the form of uniform
wrinkling at the compression side of the liner pipe, as shown in
Fig. 12. In Fig. 12d, several wavelengths of the wavy pattern have
been reproduced for visualization purposes. Fig. 13 shows the
development of liner pipe detachment for a perfect lined elastic
pipe (no initial imperfections) with thickness ratio s equal to
4.77. In this case, bifurcation occurs at a value of normalized curva-
ture je;cr = 0.554. At that stage, the wavy pattern of Fig. 12d is
formed; the displacement of liner point (1) increases abruptly,
whereas the corresponding displacement of liner point (2) de-
creases and reaches the outer pipe. After the formation of the wavy
pattern, further increase of bending curvature results in a rapid
development of wrinkling, with increasing detachment of liner
point (1) from the outer pipe. For perfect lined elastic pipes with
thickness ratio s equal to 3.33 and 6.67, the corresponding values
of je;cr have been calculated equal to 0.535 and 0.564 respectively.
It is computationally challenging to simulate the abrupt transition
from pre-buckling to post-buckling in imperfection-free elastic
lined pipes. One may depend on numerical noise, but this can be
Fig. 12. Lined pipe conﬁgurations; (a) undeformed conﬁguration; (b)–(d) ovalized and buckled liner.
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problems, the results in Fig. 11 have been obtained employing an
adequately small analysis step, without imposing any imperfection
on the liner pipe. Those numerical problems are alleviated using a
small-amplitude imperfection in the form of the buckled shape of
Fig. 12, but this has a certain effect on the response due to imper-
fection sensitivity as described in the next paragraphs.
Non-perfect pipes are considered next, where the initial imper-
fection is assumed in the form of the buckling shape obtained from
the analysis of the perfect pipe shown in Fig. 12. The numerical re-
sults for imperfect lined pipes with very small imperfection ampli-
tudes w0=tl (w0 is the initial value of w in Fig. 12c), and with
thickness ratio s equal to 4.77, are shown in Fig. 13. The results
indicate a smooth transition to the wavy pattern without numeri-
cal convergence problems, whereas detachment displacements of
points (1) and (2) on the symmetry plane grow rapidly when the
bending curvature approaches the value of je;cr . Note that the pres-
ence of very small imperfection amplitudes (less than 1% of the
liner thickness) has a considerable effect on the liner response
and indicate severe imperfection sensitivity.
Experimental observations (Focke, 2007) have indicated that a
long lined pipe, after the occurrence of uniform wrinkling of the
liner pipe (‘‘wrinkling area 1’’ in Fig. 1b), exhibits a second bifurca-
tion in the form shown in ‘‘wrinkling area 2’’ of Fig. 1b. More spe-
ciﬁcally, one of the wrinkles grows rapidly, forming one main
buckle, symmetric about the plane of bending (denoted as (A) in
Fig. 1b), and four minor buckles (denoted as (B) in Fig. 1b) from
either side of the main buckle. In such a way, the wavelength of
this secondary buckling pattern is equal to twice the wavelengthLhw of the ﬁrst buckling pattern. Based on this experimental obser-
vation, a series of three-dimensional analyses have conducted, con-
sidering the length of the lined elastic pipe equal to twice the half-
wavelength computed in the previous uniform wrinkling analysis
(i.e. L ¼ 2Lhw as shown in Fig. 14). The pipes are imperfect with
an imperfection pattern in the shape of the uniform wrinkling
mode, as shown in Fig. 14a which is actually the shape of Fig. 12.
The analysis shows that when the applied curvature reaches a cer-
tain value j0e;cr , liner deformation bifurcates to the shape shown in
Fig. 14b and c, which is similar to the buckling pattern observed
experimentally (Fig. 1b). A similar methodology for analyzing
imperfect cylindrical shells under axial compression has been em-
ployed in the early work of Koiter (1963). In Fig. 14d, several axial
wavelengths of the wavy pattern have been reproduced for visual-
ization purposes. In Fig. 15, the value of secondary bifurcation cur-
vature j0e;cr is plotted with solid line in terms of the imperfection
amplitude, for the three values of thickness ratio s = 3.33, 4.77
and 6.67. Note that the values of j0e;cr for zero (negligible) imperfec-
tion amplitude are 0.549, 0.576 and 0.588; these values represent
the curvature of perfect lined elastic pipes at which secondary
bifurcation occurs and are somewhat larger than the correspond-
ing values of je;cr corresponding to ﬁrst bifurcation, equal to
0.535, 0.554 and 0.564 respectively. The sensitivity of response
on the presence of initial imperfections assumed in the form of
the secondary buckling mode, shown in Fig. 14b and c, is also
examined. The corresponding numerical results are plotted in
Fig. 15, with dotted line, and indicate a somewhat more severe sen-
sitivity to this type of imperfection. It is also noted that, numeri-
cally, it has not been possible to simulate secondary buckling in
elastic lined pipes with imperfection amplitude w0 less than 0.1%
of the liner thickness tl.
4. Bending of lined steel pipes
The mechanical behavior of lined steel pipes is examined exten-
sively in the present section. The outer pipe is made of carbon steel
(API 5L grade X65), whereas stainless steel (AISI 316L) is used for
the thin-walled liner. The nominal stress – engineering strain curve
for the carbon steel X65 material of the outer pipe obtained from a
uniaxial tensile test is shown in Fig. 16, with elastic modulus
Eo = 210,000 MPa, Poisson’s ratio m = 0.3, yield stress
rY ;o = 566 MPa, a plastic plateau up to 2% engineering strain, and
ultimate nominal stress ru;o = 614 MPa at 9% elongation. The corre-
sponding stress–strain curve of the liner pipe 316L material is also
shown in Fig. 16, with parameters El = 193,000 MPa, m = 0.3, pro-
portional limit rpr = 250 MPa at 0.13%, and yield stress
rY ;l = 298 MPa, corresponding to a 0.2% residual (plastic) strain.
The present analysis focuses on three pipes of 12-in. nominal
diameter, which are candidates for deep offshore pipeline applica-
Fig. 14. (a) Initial conﬁguration with liner wavy imperfection and (b)–(d) deformed (buckled) conﬁguration of lined pipe after secondary bifurcation.
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equal to 325 mm, the thickness of the outer and the liner pipe are
14.3 mm and 3 mm respectively, and has been tested experimen-
tally under reel-bending conditions (Focke, 2007). The outer diame-
ter of the second pipe, denoted as Pipe B, is 335.4 mm, the thickness
of the outer and the liner pipe equal to 19.5 mm and 3 mm respec-
tively, and it has been tested experimentally under four-point bend-
ing (Hilberink et al., 2011). Both pipes, A and B, have the same
diameter and thickness for the liner pipe; 296.4 mm and 3 mm
respectively. The third pipe considered in the present analysis, re-ferred to as Pipe C, has outside diameter equal to 325 mm and the
thickness of the outer pipe is 14.3 mm (similar to Pipe A), while
the thickness of the liner pipe is 2.5 mm. In each case, the liner
and the outer pipe are initially in frictionless contact. The lined pipe
is considered either stress-free (referred to as snug-ﬁt pipe, SFP) or
with an initial stress (referred to as tight-ﬁt pipe, TFP). In the case
of TF Pipes, an initial hoop stress of magnitude of 200 MPa (67.1%
of the linermaterial yield stress) is applied initially on the liner pipe
followed by an unloading step, resulting in a ﬁnal (residual) hoop
stress for the liner pipe rres, equal to 166 MPa, 172 MPa, and
170 MPa for TFP A, B, and C respectively. This level of prestress is
equal to 55.7%, 57.7%, and 57% of the liner material yield stress for
TFP A, B, and C respectively. In the followings, using the numerical
tools described in the previous sections, an ovalization analysis is
conducted ﬁrst, followed by an investigation of liner pipe wrinkling
and comparison with test results.
In the following results for steel pipes, the values of curvature
are normalized by kI ¼ to=d2o (to; do are the thickness and the mean
diameter of the outer pipe), so that j ¼ k=kI . The detachment is
normalized by the liner thickness tl and the ovalization f of the
liner is deﬁned as ðdh;l  dv ;lÞ=2dl where dh;l is the current (de-
formed) mean diameter in the horizontal direction of the liner,
dv ;l is the current mean diameter in the vertical direction, and dl
is the initial mean diameter of the liner. The value of bending mo-
ment M is normalized by M0 ¼ rY;od2oto, so that m ¼ M=M0, where
rY ;o is the yield stress of the outer pipe. The local hoop curvature
(1/rh0), and the axial stress (rx0) or hoop stress (rh0) of the liner,
both measured at h = 0 (maximum compression point), are normal-
ized by the initial hoop curvature of the liner 1/rl and the yield
stress rY,l of the liner material respectively.4.1. Ovalization behavior
To understand the mechanical response of the lined steel pipe,
an ovalization analysis is conducted ﬁrst and the results are shown
in Figs. 17–19, in terms of the normalized values of detachment (D)
between the liner and the outer pipe at h = 0, liner ovalization (f),
and bending moment (m) respectively, plotted against the normal-
ized value of applied bending curvature (j). Furthermore, in
Figs. 20–22, local hoop curvature (1/rh0), axial stress (rx0), and
hoop (circumferential) stress (rh0) at h = 0 (maximum compression
point) are plotted in terms of j. An important observation from the
ovalization analysis in Fig. 17 is the detachment growth between
the liner and the outer pipe. In the case of SF Pipes, the detachment
occurs as soon as bending is applied, whereas for the TF Pipes, the
detachment initiates at a later stage due to prestressing. On the
other hand, Figs. 18, 20 and 21, indicate that liner prestressing
has a rather negligible effect on liner ovalization, local hoop curva-
ture, and longitudinal stress. Furthermore, the development of
hoop stress at the critical location (h = 0) indicates that after the
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that the hoop stress values from SFP and TFP are very similar, as
shown in Fig. 22. Finally, it is interesting to note that the normal-
ized curves f–j, m–j, 1/rh0–j, rx0–j, and rh0–j for TF Pipes A, B,
and C are quite similar.
4.2. Liner wrinkling
The possibility of transition from a uniform ovalization state
along the pipe to a wrinkling pattern of periodic shape is investi-gated for both SF Pipes and TF Pipes. To simulate this bifurcation
in a rigorous manner, a three-dimensional analysis of a pipe seg-
ment of length equal to one half-wavelength Lhw is considered.
As noted in the previous section, the value of Lhw is unknown
and, therefore, a series of analyses are conducted. The correct (crit-
ical) value of Lhw is the one that corresponds to the smallest value
of buckling curvature jcr. The results for those series of analyses
are shown in Fig. 23 with an arrow ("), where the critical values
of normalized half-wavelength lhw ¼ Lhw=
ﬃﬃﬃﬃﬃﬃﬃ
dltl
p
are equal to 1.45
for Pipes A and B, and 1.47 for Pipe C in the absence of initial
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stress) in the liner do not affect the value of normalized half-wave-
length lhw.
In Fig. 24, the detachment of points (1) and (2) are plotted in
terms of the applied bending curvature. The numerical results alsoindicate that, in contrast with the case of lined elastic pipes, the
development of this wavy pattern is not sudden, in the sense that
the two curves separate gradually implying a ‘‘tangential’’ type of
bifurcation with no distinct point. The smooth transition from
pre-buckling to post-buckling in lined steel pipes facilitates its
00.1
0.2
0.3
0.4
0.5
0.6
0 0.5 1 1.5 2
no
rm
al
iz
ed
 h
oo
p 
st
re
ss
 (σ
θ0
/σ
Y,
l)
normalized curvature (κ)
SFP
TFP
dl/tl=97.8
τ=4.77
2D analysis
Pipe A
0
0.1
0.2
0.3
0.4
0.5
0.6
0 0.5 1 1.5 2
no
rm
al
iz
ed
 h
oo
p 
st
re
ss
 (σ
θ0
/σ
Y,
l)
normalized curvature (κ)
Pipe A
Pipe B
Pipe C
2D analysis 
TFP
Fig. 22. (a) Hoop (circumferential) stress at h = 0 in terms of bending curvature for Pipe A and (b) comparison of hoop stress at h = 0 in Tight-Fit Pipes A, B and C; ovalization
(2D) analysis.
Fig. 23. Variation of buckling curvature jcr with respect to the assumed value of half-wavelength lhw in Pipes A, B and C.
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imperfection may not be necessary. The numerical results in
Figs. 23 and 24 have been obtained without imposing any initial
imperfection on the liner pipe and convergence problems have
not been observed. Nevertheless, because of this ‘‘tangential’’ bifur-
cation, the deﬁnition of buckling curvature jcr based on the devia-
tion of the two curves may be rather ambiguous. In the presentwork, to overcome this ambiguity, the buckling (critical) curvature
jcr is deﬁned as the curvature at which the detachment of point (2)
in Fig. 24 reaches a maximum value and begins to decrease. Using
this deﬁnition, the values of jcr are equal to 0.898 and 1.19 for the
SFP and TFP of Pipe A respectively, as shown in Fig. 24a. For the
Pipe B, the values of critical curvature jcr are equal to 0.612 and
0.854 for the SFP and TFP respectively (Fig. 24b), whereas for the
Fig. 24. Detachment development of points (1) and (2) in terms of bending
curvature for Pipes A, B and C.
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for the SFP and TFP respectively (Fig. 24c). The critical curvature
corresponds to a value of detachment (D) equal to 4% and 3.4%
of the liner wall thickness tl for SFP A and TFP A respectively. The
corresponding values of detachment (D) are for SFP B and TFP B
equal to 3.1% and 2.4% of tl respectively and to a value of detach-
ment (D) equal to 1.65% and 1.13% of tl for SFP C and TFP C. These
values of detachment are less than 5% of the liner pipe thickness tl,
implying that the wave height corresponding to ﬁrst bifurcation is
quite small, and therefore, it is rather difﬁcult to be detected exper-
imentally. The corresponding buckling shape is a uniformly-wave
pattern, which is very similar to the shape presented in the previ-
ous section for elastic pipes, shown in Fig. 12.Comparing the bending behavior of SFP and TFP in terms of uni-
form wrinkling, an important conclusion is that pipe prestressing
has a beneﬁcial effect on the critical curvature jcr of the liner pipe.
On the other hand, the buckling half-wavelength Lhw appears to be
unaffected by the presence of prestressing.
Based on the previous results of ovalization analysis, an attempt
is made to develop a simpliﬁed formulation for predicting wrin-
kling of the liner pipe similar to the one proposed in the previous
section for elastic pipes. According to the ‘‘local buckling hypothe-
sis’’, buckling will occur at the critical location (h = 0) when the ax-
ial stress rx0 and hoop curvature 1/rh0 satisfy the following
equation, which is similar to Eq. (1):
rx0 ¼ C11C22  C
2
12
3
" #1=2
tl
rh0
 
; ð5Þ
where Cij are the material moduli for elastic–plastic behavior (Bardi
and Kyriakides, 2006). The corresponding half-wavelength Lhw is
estimated by the following equation:
Lhw ¼ p C
2
11
12ðC11C22  C212Þ
" #1=4 ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
rh0tl
p
; ; ð6Þ
which is similar to Eq. (3). The Cij moduli depend on the assumed
plasticity theory (e.g. J2-ﬂow theory, J2-deformation theory) and
are functions of the axial stress rx0, whereas the local hoop curva-
ture 1/rh0 at the critical point is also a function of the axial stress
rx0 obtained by the combination of results depicted in Figs. 20
and 21. Eq. (5) is solved using a standard iterative numerical
scheme.
The half-wavelength Lhw,f predicted from Eq. (6) for J2-ﬂow
moduli is equal to 49 mm for both SF Pipe A and SF Pipe B, and cor-
responds to a normalized value of lhw,f equal to 1.65, which is in
reasonable agreement with the one obtained by the three-dimen-
sional numerical analysis (lhw = 1.45) for both pipes. For SF Pipe
C, the predicted value of lhw,f is equal to 1.55 (Lhw,f = 41.9 mm),
which also compares fairly well with the three-dimensional analy-
sis prediction (lhw = 1.47). Correspondingly, the half-wavelength
Lhw,d predicted from Eq. (6) for J2-deformation moduli is equal to
37.2 mm for both SF Pipe A and SF Pipe B, corresponding to a nor-
malized value of lhw,d equal to 1.25, whereas for SF Pipe C, the pre-
dicted value of lhw,d is equal to 1.24 (Lhw,d = 33.5 mm). The J2-ﬂow
theory predictions for the half-wavelength value Lhw,f are higher
than the corresponding numerical values Lhw, whereas the J2-defor-
mation theory predictions Lhw,d are lower than the numerical re-
sults. In general, assuming either J2-ﬂow moduli or J2-
deformation moduli, the analytical Eqs. (5) and (6) provide reason-
able estimates for the buckling wavelength.
Upon ﬁrst wrinkling, the height of the wrinkled pattern in-
creases rapidly, as shown in Fig. 24, due to the inward displace-
ment of point (1), whereas point (2) is in contact with the outer
pipe. Similar to the case of lined elastic pipes, the possibility of this
wavy pattern to exhibit a second bifurcation is also examined, con-
sidering a pipe segment of length equal to 2Lhw, where Lhw is the
half-wavelength determined above. This consideration stems from
experimental observations (Focke, 2007), where upon formation of
uniform wrinkling (‘‘wrinkling area 1’’ in Fig. 1b), one wrinkle is
further developed to form the central (main) buckle, which is sym-
metric with respect to the plane of bending and denoted as A in
Fig. 1b, and the adjacent wrinkles for the four lateral (minor) buck-
les, denoted as B (‘‘wrinkling area 2’’). The liner response is shown
in Figs. 25–27, for Pipes A, B, and C respectively, in terms of the
detachment of points (1), (2) and (3). In those ﬁgures, the numer-
ical results have been obtained without imposing any initial imper-
fections on the liner pipe. Initially, the response follows exactly the
path obtained for uniform wrinkling, as shown in Fig. 24, and the
Fig. 25. Detachment of points (1), (2) and (3) in terms of bending curvature; (a) SF Pipe A and (b) TF Pipe A.
Fig. 26. Detachment of points (1), (2) and (3) in terms of bending curvature; (a) SF Pipe B and (b) TF Pipe B.
Fig. 27. Detachment of points (1), (2) and (3) in terms of bending curvature; (a) SF Pipe C and (b) TF Pipe C.
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ing curvature, the curves for points (1) and (3) deviate, and transi-
tion from a uniform wavy pattern of Fig. 12 to a new wavy shape is
obtained, similar to the one shown in Fig. 14 for elastic pipes,
which is also similar to the experimental shape of Fig. 1b.Similar to the ﬁrst bifurcation, this second bifurcation is quite
gradual, also indicating a ‘‘tangential’’ bifurcation, with no distinct
point at which the two curves for points (1) and (3) begin to devi-
ate in Figs. 25–27, and implying ambiguity in the determination of
the corresponding buckling curvature j0cr . Similar to the ﬁrst bifur-
Fig. 28. Detachment development of SF Pipe A and TF Pipe A for different values of
wrinkling imperfection amplitude.
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Fig. 29. Effects of initial wrinkling imperfections on the value of secondary
bifurcation curvature for Pipes A, B and C. In Pipes B, C, imperfections are assumed
in the form of the ﬁrst bifurcation mode.
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which the detachment of point (3) reaches a maximum value
and begins to decrease. The j0cr values are equal to 1.424 for SFP
A and 1.625 for TFP A. Furthermore, for Pipe B, the values of j0cr
are equal to 0.983 and 1.216 for SFP B and TFP B respectively,
whereas for Pipe C, the values of j0cr are equal to 0.904 and 1.197
for SFP C and TFP C respectively. The numerical results demon-
strate clearly the beneﬁcial effects of prestressing on the value of
buckling curvature; the prestressing level considered in the pres-
ent analysis results in a 14.1%, 23.7%, and 32.4% increase of the
j0cr value for Pipe A, Pipe B, and Pipe C respectively. Also note that
j0cr is associated with wrinkle heights which are signiﬁcantly high-
er than those corresponding to uniform wrinkling bifurcation (jcr).
Therefore, it is reasonable to consider liner failure to occur when
the second bifurcation takes place (i.e. when j ¼ j0cr).
The above numerical results for obtaining the value of j0cr refer
to imperfection-free (perfect) pipes. The effects of an initial uni-
formly-wrinkled conﬁguration of the liner over the length of 2Lhw
(Fig. 14a or equivalently Fig. 12d) are presented in Fig. 28 for SF
Pipe A and TF Pipe A, where the detachment magnitude is plotted
in terms of normalized applied curvature. In the case of Tight-Fit
Pipes, the reported imperfection amplitude w0 is imposed geomet-
rically before initial prestressing is applied. Upon application of
prestress and completion of the unloading step, the residual imper-
fection amplitude w00 is quite smaller than the one considered
initially. In Fig. 29, the effects of initial wrinkling imperfection on
the value of secondary bifurcation curvature j0cr for Pipes A, B
and C are plotted with solid lines, where the j0cr value is plottedwith respect to initial wrinkling amplitude w0, normalized by the
liner wall thickness tl. The results show that the response of lined
pipes under bending is sensitive to initial imperfections. For both
SF and TF Pipes, the reduction of j0cr is very abrupt for values of
normalized imperfection amplitude at the order of 103. Further-
more, for imperfection amplitude equal to 10% of the liner thick-
ness (i.e. about 0.3 mm), the value of critical curvature j0cr may
be reduced by an amount of about 50% with respect to the critical
curvature of the corresponding imperfection-free pipe.
In addition, the sensitivity of response on the presence of initial
imperfections in the form of the secondary buckling mode is
shown in Fig. 30 for SFP and TFP, and in Fig. 29a with dotted lines,
Fig. 30. Detachment development of SF Pipe A and TF Pipe A for different values of
secondary mode imperfection amplitude.
Fig. 32. Comparison between numerical and experimental values of the
wavelength.
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tude. The results indicate that this shape of imperfection has a
slightly more pronounced effect on the value of j0cr than the effect
of an imperfection in the form of the ﬁrst mode. The results are
compatible with those obtained for elastic cylinders in Fig. 15.
4.3. Comparison with experimental results
Numerical results for TFP A are compared with experimental
data of lined pipes tested under pure bending, as reported by Focke
(2007) and Hilberink (2011). The material and geometric charac-
teristics of Lined Pipe A are similar with lined pipes OR-2, GR-1,Fig. 31. Photo of wrinkled specimen after experimental testing with image from
ﬁnite element simulation.GR-2, WT-1, and WT-2 tested by Focke (2007) and P01KA pipe
tested by Hilberink (2011). The residual liner pipe hoop stresses
rres for the tested pipes has been measured equal to 178 MPa for
OR-2 pipe, 199 MPa for both GR-1 and GR-2 pipes, and 185 MPa
for the P01KA pipe, which are comparable with the residual stress
of the TFP A (166 MPa) considered in the present analysis. Further-
more, the residual stress for tested pipes WT-1 and WT-2 has been
measured equal to 53 MPa.
In Fig. 31, the photo of the wrinkled specimen is depicted at the
plane of bending together with an image from numerical simula-
tion, demonstrating that the wrinkled shape from experimental
data is very similar to the one from the numerical analysis.
Experimental measurements obtained for the wrinkle wave-
length Lw (Focke, 2007; Hilberink, 2011), shown in Fig. 31, are de-
picted in Fig. 32, normalized by the value of
ﬃﬃﬃﬃﬃﬃﬃ
dltl
p
and indicate a
signiﬁcant scatter. Similar scatter has also been reported in buck-
ling wavelength measurements of single-walled pipes subjected
to bending (Ju and Kyriakides, 1992; Kyriakides and Ju, 1992; Cor-
ona et al., 2006). The wavelength Lw of Fig. 31 corresponds to the
secondary buckling mode (shown in Fig. 14) where A denotes the
main buckle and B denote the two minor buckles, also depicted
in Fig. 1b. In the same Figure, the experimental measurements
for the wrinkle wavelength are compared with the corresponding
numerical prediction, where the numerical value of Lw is taken0
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Fig. 33. Evolution of liner pipe wrinkle height for TF Pipe A for different values of
initial imperfection; comparison between numerical and experimental results.
3446 D. Vasilikis, S.A. Karamanos / International Journal of Solids and Structures 49 (2012) 3432–3446equal to 4Lhw, where Lhw is the half-wave length value of the ﬁrst
bifurcation mode, shown in Fig. 12. The relationship between Lhw
and Lw is also shown in Fig. 14d. The comparison in Fig. 32 shows
that the measured values of Lw are in fairly good agreement with
the numerical prediction. It is interesting to note that based on
the experimental results, the level of the prestressing does not af-
fect signiﬁcantly the buckling wavelength, verifying the corre-
sponding numerical results in Figs. 11 and 23.
In Fig. 33, numerical results for the evolution of liner pipe wrin-
kle height hw, normalized by the liner thickness tl, are plotted for
different values of residual imperfection amplitude ðw00=tlÞ and
compared with relevant experimental data (Focke, 2007; Hilberink,
2011). The values of residual imperfection amplitude ðw00=tlÞ used
in the analyses of Fig. 33 are consistent with the range of initial
wrinkling measurements reported in specimen locations OR-2
W4, OR-2 W5, GR-2 W4, and GR-2 W5. The comparison indicates
that the numerical results for the gradual increase of wrinkling
height are in very good agreement with the experimental
measurements.5. Conclusions
Using advanced numerical tools, the mechanical behavior of
lined pipes under bending loading has been investigated. Numeri-
cal results indicate that separation between the outer and the liner
pipe occurs at the compression zone (detachment), leading to liner
buckling in the form of wrinkling. Results from three-dimensional
analysis in both elastic and steel lined pipes indicate that a ﬁrst
bifurcation occurs at curvature jcr that leads to a uniform wrin-
kling pattern, associated with small values of detachment and of
buckle wave height. Subsequently, a second bifurcation occurs at
a bending curvature j0cr , which is higher than the value of jcr, asso-
ciated with larger values of wrinkling amplitude and can be con-
sidered as the wrinkling limit state of liner failure due to
bending. The results also show that liner prestressing due to the
manufacturing process has a beneﬁcial effect on the values of jcr
and j0cr , whereas both jcr and j0cr are sensitive to the presence of
initial wrinkling imperfections. Furthermore, the buckled shapes
obtained numerically are also very similar to the shapes observed
experimentally. Finally, the numerical values of wavelength and
evolution of wrinkling height compare very well with relevant test
measurements.Acknowledgements
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